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1. Functions with certain symmetries

J.W. (Jan-Willem) M. van Ittersum, MSc.
Universiteit Utrecht

The sine function is a periodic function, i.e.,

sin(2π(x+ 1)) = sin(2πx),

and the polynomial in 1
x given by ϕ(x) = x−2021 + 1 is an example of a function satisfying

ϕ(x) = x−2021ϕ
(

1
x

)
.

In this exercise we are looking for functions f combining these two properties, that is,

(i) f(x) = f(x+ 1);

(ii) f(x) = x−2021f
(

1
x

)
for all x 6= 0.

a) Show that there exists a non-constant function f : R → R satisfying the properties (i)
en (ii) for all x ∈ R.

b) Show that there does not exists a continous non-constant function f : R → R satisfying
the properties (i) en (ii) for all x ∈ R.

Let h = {z ∈ C | Im(z) > 0}. We construct a non-constant continuous periodic function
f : h→ C which also satisfies the second property, as follows,

f(z) =

∞∑
m=−∞

∞∑
n=−∞

1

((8m+ 5)z + (8n+ 5))2021
.

You may use without proof that this double sum converges absolutely for z ∈ h: hence, the
value of this double sum does not depend on the order of summation.

c) Show that f(z) = f(z + 8) and f(z) = z−2021f
(

1
z

)
for all z ∈ h.1

Solution.
In this solution, we say that the denominator of a rational number x is the smallest positive
integer q for which there exists an integer p such that x = p

q . For example, the denominator

of 3
6 is 2.

a) Take for example;

f(x) =

{
q2021 x ∈ Q with denominator q

0 else.

b) Write a = f(0). By induction on the size of the denominator q of x ∈ Q we prove that
f(x) = aq2021. Our induction basis holds, as by (i) for integers x we have f(x) = a =
a · 12021.

1Functions such as in part (c) are called modular forms. They play an important role in the proof of
Fermat’s last theorem, as well as in the sphere packing problem in dimension 8 and 24.
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Now suppose we have proven our claim for all denominators at most equal to q. Let x ∈ Q
with denominator q + 1 and write x = p

q+1 for some p ∈ Z. By (i) we can assume that

0 ≤ p < q. Note that p 6= 0, as q > 1 is the numerator of x and 0
q is an integer with

denominator equal to 1.

Now, we have

f
( p

q + 1

)
=
( p

q + 1

)2021
f
(q + 1

p

)
=
( p

q + 1

)−2021
ap2021 = a(q + 1)2021,

by which our claim follows.

As for integers n we have that f
(

1
n

)
= n2021 and 1/n → 0 and n2021 → ∞ whenever

n → ∞, we conclude that f isn’t continuous in 0 unless a = 0. In that case f(x) = 0 for
all x ∈ Q. The only continuous function Γ → Γ with this property is the zero function,
but we are looking for a non-constant function.

c) The fact that f(z) = f(z+8) follows by replacing the summation variable n by n+8m+5.
The transformation for 1/z follows by interchanging the summation variables (m,n). As
the order of summation doesn’t matter, we see that these two transformation are indeed
satisfied.

3



2. Surjective polynomials

dr. R. (Raymond) van Bommel
Massachusetts Institute of Technology

a) Does there exist a P ∈ Q[x] such that the function Q → Q : x 7→ P (x) is surjective and
degP > 1?

b) For which prime numbers p does there exist a polynomial P ∈ Z[x] such that the function
Z/pZ→ Z/pZ : x 7→ P (x) mod p is surjective and degP > 1?

c) Does there exist a polynomial P ∈ Z[x] with degP > 1, such that the function Z/pZ →
Z/pZ : x 7→ P (x) mod p is surjective for infinitely many prime numbers p?

d) Does there exist a polynomial P ∈ Z[x] with degP > 1, such that the function Z/pZ →
Z/pZ : x 7→ P (x) mod p is surjective for all prime numbers p?

Solution.

a) We will prove that such a polynomial does not exist. Let P =
∑n

i=0 cix
i ∈ Q[x] be a

polynomial of degree n ≥ 2. Because P has finitely many coefficients, there is a prime
number p such that p does not occur as a prime factor of the numerators and denominators
of the coefficients ci of P . Now we claim that 1

p does not lie in the image of P . Suppose
that a

b ∈ Q is a rational number with a, b ∈ Z, gcd(a, b) = 1, and b 6= 0. Then we have

bn · P
(a
b

)
=

n∑
i=0

cia
ibn−ipn−i.

If p | a and hence p - b, then the right hand side has at least n factors p and P (ab ) also
needs to have at least n factors p. If p - a, then all terms on the right hand side have at
least one factor p, except for the term cna

n which has 0 factors p. Hence, the left hand
side also must have 0 factors p, but this means that the number of factors p in P (ab ) has to
be a multiple of n > 1. In both cases, we conclude that P (ab ) 6= 1

p , as we wanted to prove.

b) For each prime number p, you can take the polynomial xp. By Fermat’s little theorem, we
have xp ≡ x mod p and hence the function is surjective.

c) We will show that the polynomial P = x3 will work. If p is a prime number, then the
unit group (Z /pZ)∗ of the field Z /pZ is cyclic of order p− 1. As a function, P maps the
element 0 to 0 and the unit group to itself, and this function on the unit group is surjective
if and only if p−1 is not congruent to 0 mod 3. We will now prove that there are infinitely
many prime numbers p such that p ≡ 2 mod 3.
Suppose there are only finitely many such primes, say p1, . . . , p`. Then consider the number

N = p2
1 · . . . · p2

` + 1 > 1.

The number N is congruent to 2 mod 3 and hence the prime factorisation of N cannot
only consist of prime numbers which are 0 mod 3 or 1 mod 3, but N is clearly not divisible
by by p1, . . . , p`. This gives a contradiction.
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d) We will prove that such a polynomial does not exist. In particular, we will show that there
exists an n ∈ Z such that |P (n)−P (n+ 1)| > 1. As soon as we proved this, we can take a
prime divisor p of |P (n)− P (n+ 1)| and then it is clear that P (n) ≡ P (n+ 1) mod p. In
particular, the function Z/pZ → Z/pZ : x 7→ P (x) is not injective, but then it cannot be
surjective, as Z/pZ is finite.
We prove this by contradiction. Suppose that |P (n + 1) − P (n)| ≤ 1 for all n ∈ Z. Then
we can use the triangle inequality and induction to prove that |P (n)− P (0)| ≤ |n| for all
n ∈ Z. If we now write P as

∑d
i=0 cix

i with d = deg(P ) (and hence cd 6= 0), then we see
that

P (n)− P (0) =

d∑
i=1

cin
i.

In particular, we have

lim
n→∞

P (n)− P (0)

n
= lim

n→∞
nd−1

d∑
i=1

cin
i−d = lim

n→∞
nd−1cd =

{
∞ if cd > 0,

−∞ if cd < 0.

This is in contradiction with the inequality |P (n)− P (0)| ≤ |n| that we proved.
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3. A quadrant of quadrilaterals

Dr. F. (Fokko) J. van de Bult
Technische Universiteit Delft

Consider a convex quadrilateral ABCD without two parallel sides. Associated to this quadri-
lateral we define four parallellograms. These are obtained by removing one of the four vertices
of the original quadrilateral and creating a parallellogram which contains three of the remain-
ing vertices and which has two sides in common with the original quadrilateral ABCD.

For example, with A = (0, 0), B = (1, 0), C = (2, 1), and D = (3, 5), the the parallel-
logram corresponding to triangle ABC has fourth vertex D′ = (1, 1).

Show that exactly one of these four parallellograms is contained completely within the original
quadrilateral ABCD.

Solution.
Let A′ be the point such that A′BCD is a parallellogram. This parallellogram is contained in
ABCD when A′ is contained in ABCD as ABCD is convex (and the parallellogram consists
of all convex linear combinations of A′ with points on the sides BC or CD, all of which are
then contained in ABCD). We will show A′ is in ABCD if and only if ∠B + ∠C > 180◦ en
∠C + ∠D > 180◦.
First observe that ∠B + ∠C can’t be exactly 180◦ as this would imply AB and CD being
parallel. Similarly ∠C + ∠D 6= 180◦.
Now suppose ∠B+∠C < 180◦. Since A′BCD is a parallellogram we have ∠A′BC+∠BCD =
180◦. Therefore ∠A′BC + ∠C = 180◦. Combining gives ∠B < 180◦ − ∠C = ∠A′BC.
Thus the line A′B lies inside angle 〈ABC, and A′ cannot be inside ABCD. Similarly from
∠C + ∠D < 180◦ we obtain that A′ is outside the quadrilaterl.
On the other hand, suppose both ∠B + ∠C > 180◦ and ∠C + ∠D > 180◦. Then we likewise
find that 〈B and 〈D are larger than ∠A′BC and ∠A′DC respectively. Thus the lines A′B
and A′D are at least initially in the quadrilateral. Furthermore we observe that A′B and AB
intersect in B, A′B and BC also intersect in B and A′B and CD are parallel. Thus A′B can
only intersect the quadrilateral in B and on the line AD. So it has to exit the quadrilateral
on the line segment AD. Similarly A′D has to go from C to some point on the line segment
AB. As A′B is a line that goes from the line segment BC to AD and A′D is a line that goes
from the line segment AB to CD. Therefore the intersection point A′ of these two lines has
to be inside the quadrilateral.
This proves the claim that A′ is in ABCD if and only if ∠B+∠C > 180◦ en ∠C+∠D > 180◦.

In the same way we obtain conditions whether B′, C ′, and D′ are in the quadrilateral. These
conditions are connected, as the sum of all the angles in a quadrilateral is 360◦. For example
∠B + ∠C > 180◦ is equivalent to ∠A + ∠D < 180◦. The four conditions for the four points
being inside the quadrilateral initially become

A′ :∠B + ∠C > 180◦ ∧ ∠C + ∠D > 180◦

B′ :∠A+ ∠D > 180◦ ∧ ∠C + ∠D > 180◦

C ′ :∠A+ ∠D > 180◦ ∧ ∠A+ ∠B > 180◦

D′ :∠B + ∠C > 180◦ ∧ ∠A+ ∠B > 180◦.
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After rewriting this becomes:

A′ : ∠B + ∠C > 180◦ ∧ ∠C + ∠D > 180◦

B′ : ∠B + ∠C < 180◦ ∧ ∠C + ∠D > 180◦

C ′ : ∠B + ∠C < 180◦ ∧ ∠C + ∠D < 180◦

D′ : ∠B + ∠C > 180◦ ∧ ∠C + ∠D < 180◦.

It is now clear that exactly one of these four cases can hold, so always exactly one of the four
parallellograms are in the quadrilateral.

Alternative solution: Write a for the vector from the origin to A, etc. We also assume that
the four angles are on the quadrilateral in the order ABCD (counter clockwise). The four
parallellograms then have as vertices the endpoints of the vectors

• a, b, c, and a + c− b.

• b, c, d, and b + d− c.

• c, d, a and c + a− d.

• d, a, b and d + b− a.

For the first new quadrilateral ABCD′ the vertex D′ is contained in the quadrilateral ABCD
when D′ is on the same side of the lines CD and AD as B is. We can test this using a
determinant, using the well-known lemma below.

Lemma 1. The points U and V are on the same side of the line XY when

sign(det(
−−→
XU
−−→
XY )) = sign(det(

−−→
XV
−−→
XY )).

(NB This lemma follows directly from the interpretation of the determinant as the area of the
parallellogram created by the two vectors in the columns. The sign then shows whether the
smallest angle between these two vectors is clockwise or counterclockwise..)
For the quadrilateral ABCD′ we thus have the conditions

sign(det(
−−→
CD′
−−→
CD)) = sign(det(

−−→
CB
−−→
CD)), sign(det(

−−→
AD′
−−→
AD)) = sign(det(

−−→
AB
−−→
AD)).

Due to the orientation of the original quadrilateral we have det(
−−→
CB
−−→
CD) < 0 and det(

−−→
AB
−−→
AD) >

0. Therefore the conditions become.

sign(det((a− b) (d− c))) < 0, sign(det((c− b) (d− a))) > 0

Or more concisely

det((a− b) (d− c)) < 0 ∧ det((c− b) (d− a)) > 0

Using the other three points we therefore want exactly one of the four following expressions
to hold:

det((a− b) (d− c)) < 0 ∧ det((c− b) (d− a)) > 0

det((b− c) (a− d)) < 0 ∧ det((d− c) (a− b)) > 0

det((c− d) (b− a)) < 0 ∧ det((a− d) (b− c)) > 0

det((d− a) (c− b)) < 0 ∧ det((b− a) (c− d)) > 0

8



Observe that all the time we consider the same two determinants; only the signs are flipped
due to the interchange of some vectors, or multiplying one or both of the vectors by −1. If
we set

δ1 = det((a− b) (c− d)), δ2 = det((a− d) (b− c))

than the conditions become

δ1 > 0 ∧ δ2 < 0

δ2 > 0 ∧ δ1 > 0

δ1 < 0 ∧ δ2 > 0

δ2 < 0 ∧ δ1 < 0

Since all four the combinations of signs occur precisely once, it is clear that exactly on of
these four options hold. Note that the determinants cannot be 0, as the sides are not allowed
to be parallel.

Remark: Consider a general third degree polynomial in two variables p(x, y) = ax3 + bx2y+
· · ·+ j. It has 10 degrees of freedom for the variables a through j. The condition that a point
(x, y) is a critical point (∇p = 0), gives two linear equations in these 10 variabeles. Of course,
j never occurs, as it will be differentiated away. You can also multiply a polynomial by any
non-zero constant without changing the critical points. Therefore, if we specify four points
as being critical we obtain 8 equations in the 9 variables a through i. Generically we have
a 1-dimensional solution set, corresponding to a unique polynomial with these critical points
up to scaling.
If the four critical points form a convex quadrilateral, it turns out two of the critical points
will be saddle points, and the other two are the location of a (local) maximum and minimum.
Using the geometry of this exercise you can determine which are the saddle points: If D′ is
contained in the quadrilateral ABCD, then A and C are saddle points, and B and D are the
locations of the maximum and minimum. And if C ′ is contained in ABCD, then B and D
are the saddle points, etc.
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4. Fringed tulip

dr. ir. Rik Versendaal en dr. Ivan Kryven,
Universiteit Utrecht

a b

0-tulip

a b

1-tulip

a b

2-tulip

An n-tulip is the following iterative construction: A 0-tulip consist of two initial vertices a
and b connected with a link. Iteratively, an (n+1)-tulip is obtained from an n-tulip by glueing
a triangle to each newly added link at the previous iteration.

A fringed n-tulip is an n-tulip in which each link is removed with probability 1 − p. We say
that a and b are connected with a path, if there is at least one way to travel from a to b by
following the links. We are interested in fn(p), the probability that there is a path from a to
b in a fringed n-tulip. Note that by definition, f0(p) = p, because the only possible path is
the link (a, b) itself.

Show that:

a) fn ∈ C∞(0, 1) for n ∈ N0.

b) fn(p) converges for all p ∈ (0, 1).

Let F : (0, 1)→ [0, 1] be defined by F (p) := lim
n→∞

fn(p). Show that:

c) F ∈ C0(0, 1) and F /∈ C1(0, 1).

Solution.
By definition, we have

f0(p) = p.

In 1-Tulip, there are two paths: one may take the initial link, which is present with prob-
ability f0(p) = p, or if it is not present then there is still a detour of two links, which are
simultaneously present with probability p2. Hence,

f1(p) = p+ (1− p)p2,

and, in general, we have a recursion:

fn+1(p) = Ap(fn(p)) := p+ (1− p)fn(p)2.
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One can see that fn(p) is a polynomial of order 2n− 1, and therefore, it is infinitely differen-
tiable when n is finite, which answers a).

To prove that fn(p) converges, first note that f1(p) > f0(p). Assuming that fn(p) > fn−1(p)
we have

fn+1(p) = p+ (1− p)fn(p)2 > p+ (1− p)fn−1(p)2 = fn(p).

By induction, it follows that fn(p) is monotonically increasing sequence. Since also fn(p) ≤ 1
for all n, it follows that fn(p) converges. This answers b).

We compute F (p). Since Ap(x) is continuous, we know that F (p) is a fixed point of Ap. Note
that the equation

Ap(x) = x

has two roots, namely x∗1 = 1 and x∗2 = p
1−p .

To determine F (p) we study the cases of p > 1
2 and p ≤ 1

2 separately.

• Let p > 1
2 . Since fn(p) ≤ 1 we must have that F (p) ≤ 1. Because, p > 1

2 , we have
x∗2 = p

1−p > 1. Therefore, we find that F (p) = x∗1 = 1.

• Let p ≤ 1
2 . In that case, we have x∗1 ≥ x∗2. Since p < 1

2 , we have f0(p) = p ≤ p
1−p .

Assuming that fn(p) ≤ p
1−p , we find that

fn+1(p) = p+ (1− p)fn(p)2 ≤ p+ (1− p) p2

(1− p)2
=

p

1− p
.

Using indunction, we conclude that fn(p) ≤ p
1−p = x∗2 for all n. This implies that

F (p) ≤ x∗2. Since x∗2 ≤ x∗1, it follows that F (p) = x∗2 = p
1−p .

Bringing these two cases together, we have

F (p) =

{
p

1−p , p < 1
2 ,

1, p ≥ 1
2 ,

which is everywhere continuous, but not differentiable at p = 1
2 , hence showing c).
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5. From sumrise to sumset

dr. H. J. (Harry) Smit en M. (Merlijn) Staps, MSc.
Max Planck Institute Bonn & Princeton University

Although the LIMO’s problems (sommen) are different each year, in this problem we will
consider sets whose sums (sommen) are all equal.
Suppose we have some red and blue cards with an integer number on each card, such that
for every integer k the number of ways to select a number of red cards with sum k equals the
number of ways to select a number of blue cards with sum k.

a) Prove that if the cards contain only positive numbers, then for every positive integer
` it holds that the number of red cards containing ` equals the number of blue cards
containing `.

b) Prove that if the cards may also contain negative integers, then for every positive integer
` it holds that the number of red cards containing ` or −` equals the number of blue
cards containing ` or −`.

(c) Prove that if the red and blue cards do not contain exactly the same numbers (i.e., the
number of red cards containing ` differs from the number of blue cards containing ` for
at least one integer `), then we can select a positive number of red cards such that the
sum of the numbers on these cards equals 0.

In this problem you are allowed to use the results of earlier parts, even when you have not
yet solved them.

Solution.

a) Notice that there are equal numbers of red and blue cards, because the total number
of ways to select a number of red cards equals 2|A| (where A denotes the set of red
cards) and the number of ways to select a number of blue cards equals 2|B| (where B
denotes the set of blue cards). Order both the red and blue cards by their numbers,
from small to large, and suppose that the m-th red card is the first one that differs
from the corresponding m-th blue card (if such an m does not exist, we are immediately
done). Without loss of generality, we assume that the number x on the m-th red card
is smaller than the number on the corresponding m-th blue card. When we choose a
number of blue cards with sum x, we can only use the first m − 1 cards, because the
other blue cards contain numbers larger than x. For each of these choices, there is a
corresponding choice of red cards that also has sum x, because the numbers on the first
m− 1 red cards are equal to the numbers on the first m− 1 blue cards. However, there
is at least one additional way to choose some red cards with sum x: by choosing only
the m-th card. We conclude that the condition in the problem is not satisfied for k = x.
This contradiction completes the proof.

b) Let nA be the sum of the numbers on the red cards that contain a negative number, and
define nB analogously for the blue cards. Because nA is the smallest integer that can
be written as the sum of numbers on red cards, and similarly nB is the smallest integer
that can be written as the sum of numbers on blue cards, we must have nA = nB.

For every red card containing a number x, we create a corresponding orange card con-
taining |x|. Similarly, for every blue card containing a number y, we create a corre-
sponding purple card containing |y|. It suffices to show that for every positive integer `
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the number of orange cards containing ` equals the number of purple cards containing `.
Because the orange and purple cards contain only positive integers, we can use part a)
for this. We have to prove that the orange and purple cards have the property that for
every integer k the number of ways to select orange cards with sum k equals the number
of ways to select purple cards with sum k. Suppose that we have chosen some orange
cards with sum k. Every orange card corresponds to a red card. We now consider those
red cards for which

• the card contains a positive integer, and the corresponding orange card is chosen;
or,

• the card contains a negative integer, and the corresponding orange card is not
chosen.

Among the red cards that contain a positive integer we have now chosen those red cards
for which the corresponding orange card has been chosen. For each red card containing
a negative number, we now either have chosen the red card but not the corresponding
orange card, or we have chosen the corresponding orange card but not the red card. It
follows that the sum of the chosen red cards equals k plus the sum of all the negative
numbers that occur on the red cards; hence, the sum of the chosen red cards is k + nA.
Moreover, our procedure by which we link a choice of orange cards to a choice of red
cards is bijective. It follows that the number of ways to select orange cards with sum
k equals the number of ways to select red cards with sum k + nA. Analogously, the
number of ways to select purple cards with sum k equals the number of ways to select
blue cards with sum k+nB. From the fact that nA = nB together with the fact that the
blue and red cards satisfy the condition in the problem, it now follows that the number
of ways to select orange cards with sum k equals the number of ways to select purple
cards with sum k, as desired.

c) We begin by throwing away red and blue cards containing the same number, until the
numbers on the red cards are different from the numbers on the blue cards. Then the
problem condition is still satisfied, and at least one card is left. Moreover, from part b) it
follows that the numbers on the blue cards are the (additive) inverses of the numbers on
the red cards. Let s the sum of the red cards containing positive numbers. Then the sum
of the blue cards containing negative numbers is −s. Because −s is the smallest number
that can be written as a sum of blue cards, −s must also be the smallest number that
can be written as a sum of red cards. It follows that the sum of the red cards containing
negative numbers equals −s. Therefore, the sum of all remaining red cards (i.e., the red
cards that we did not throw away) equals 0.
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6. A pretty problem on positive polynomials

M. (Mike) Daas, MSc.
Universiteit Leiden

Let P be a polynomial with positive coefficients. Determine the maximum of P (x)2/P (x2)
over all x ∈ R. For which x is this maximum attained?

Solution.
Write P (x) =

∑n
i=0 aix

i and consider the vectors

(
√
a0,
√
a1, . . . ,

√
an) en (

√
a0,
√
a1x, . . . ,

√
anx

n).

Applying the Cauchy-Schwarz inequality, we find that

(a0 + a1 + . . .+ an)(a0 + a1x
2 + . . . anx

2n) ≥ (a0 + a1x+ . . .+ anx
n)2.

In other words, we find that P (1)P (x2) ≥ P (x)2 and so P (x)2/P (x)2 ≤ P (1). Equality can
only occur when the two considered vectors are scalar mutliples of each other. Their first
components agree and are non-zero, so the vectors must be equal. This means that only in
x = 1 the maximum can be attained.
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7. Mirror reflex triangles

Ir. H. (Harold) de Boer
Transtrend BV

Let ABC be a triangle. Somewhere within triangle ABC there is a smaller triangle A′B′C ′

such that:

• A′B′ is parallel to AB,

• B′C ′ is parallel to BC,

• C ′A′ is parallel to CA,

• The surface area of A′B′C ′ is f2-times that of ABC.

Determine the cumulative surface area of the triangles BCA′, CAB′ and ABC ′ as a fraction
of the surface area of ABC, expressed in terms of f .

Note: Your solution should hold for any triangle ABC, irrespective of the exact location
of A′B′C ′ within ABC.

AA BB

CC

A'A'B'B'

C'C'

Solution.
From the properties above, it follows immediately that A′B′C ′ and ABC are similar triangles.
The edges of A′B′C ′ are f -times those of ABC. Extend B′C ′ such that it intersects with
AC and AB. Let G1 be the intersection of the extension of B′C ′ with AC and let G2 be the
intersection of the extension of B′C ′ with AB. Similarly, we can define H1 and H2 respectively
as the intersections given by extending C ′A′ through AB and BC. Extending A′B′ through
BC and AC yields K1 and K2, respectively.

17



AA BB

CC

A'A'B'B'

C'C'

KK22

GG11 HH22

KK11

GG22HH11

All triangles AG2G1, H1BH2 and K2K1C are similar to ABC, with their edges smaller by
some factors g, h, and k, respectively, than those of ABC. Any triangle A′B′C ′ within ABC
with the properties as listed above is uniquely determined by the factors g, h and k.

Furthermore, all triangles H1G2C
′, A′K1H2 and K2B

′G1, are similar to ABC, with their
edges smaller by a factor (g + h − 1), (h + k − 1) and (k + g − 1), respectively, than those
of ABC. From the latter it follows that ABC ′, BCA′ and CAB′ have surface areas equal to
a fraction (g + h − 1), (h + k − 1) and (k + g − 1), respectively, of the total surface area of
ABC. Therefore, the total surface area of these triangles H1G2C

′, A′K1H2 and K2B
′G1 as a

fraction of that of ABC equals 2(g + h+ k)− 3.

The missing link is a relation between f and g, h and k. Note that: |B′C ′| = |G1G2| −
|G1B

′|− |C ′G2|. This yields f |BC| = g|BC|− (g+k−1)|BC|− (k+h−1)|BC| which implies
that f = 2− (g+h+ k) and thus g+h+ k = 2− f . Substituting the total surface area above
into this equation yields 2(g + h+ k)− 3 = 2(2− f)− 3 = 1− 2f .
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8. Sums of invertable matrices

Prof. dr. H. W. (Hendrik) Lenstra
Universiteit Leiden

Let n be a positive integer, K be a field, and A be an n × n-matrix over K that is not the
sum of two invertable n× n-matrices over K. Prove that n = 1,#K = 2, A = (1).

Solution.
For n = 1 this is easy. Therefore assume n > 1. In this case it suffices to show that if V
and W are two K-vector spaces of dimension n, then every K-linear map f : V → W is the
sum of two isomorfisms. To do this, we choose a basis f(v1), . . . , f(vk) of f(V ), with vi in V .
Then we can fill v1, . . . , vk with a basis vk+1, ..., vn of the kernel of f to a basis v1, ..., vn of
V . We can also fill wn = f(v1), w1 = f(v2), ..., wk−1 = f(vk) to a basis w1, ..., wn of W . Now
let F be the n × n-matrix that describes f on both these bases; then F is a matrix with k
ones outside of the diagonal and for the rest zeros. In particular, F is a matrix that has only
zeros on the diagonal. Let B now be the matrix that has ones everywhere on the diagonal,
above the diagonal is the same as F and below the diagonal has only zeros. Then C = F −B
has everywhere on de diagonal −1, is the same as F below the diagonal and is zero above the
diagonal. So we have F = B + C with B and C both invertable, and f = b+ c with b and c
isomorfisms from V to W .

19



What does trading mean? How could you use your mathematical and technical skills in
the financial markets?

Join our lunch lecture with Prasad Chebolou, one of our Quantitative Researchers, who
will join you tell you about trading and how you could use your mathematical skills at
this industry.

We are market makers. In simple terms, we provide buy and sell prices for the financial
products in exchanges all over the world. We help keep the markets viable by creating
the liquidity needed to allow everyone to trade at will.

Interested to learn more about how you can use your skills in our company? Join us at
12pm to get the insights!



9. Superpositions of partitions

dr. M. (Martijn) Kool
Universiteit Utrecht

A partition is a sequence of non-negative integers λ = {λi}i>0, such that λi > 0 for finitely
many i and λi ≥ λi+1 for all i > 0. We call |λ| :=

∑
i λi the size of λ. Define Λ to be the

collection of partitions with positive size

a) Prove that

1 +
∑
λ∈Λ

q|λ| =
∞∏
n=1

1

1− qn
.

The support of a partition λ is the function fλ : Z>0 × Z>0 → {0, 1} with

fλ(i, j) :=

{
1 if j ≤ λi
0 else.

A flat partition is a sequence of non-negative integers π = {πij}i,j>0 such that πij > 0 for
finitely many i, j and πij ≥ πi+1,j ,πij ≥ πi,j+1 for all i, j ≥ 1. We call |π| :=

∑
i,j πij the size

of π. Define Π to be the collection of all flat partitions with positive size. For a flat partition
π ∈ Π we assign a weight wπ as follows. Set

Wπ :=
{
{nλ}λ∈Λ : nλ ∈ Z≥0 ∀λ ∈ Λ en πij =

∑
λ∈Λ

nλ · fλ(i, j) ∀i, j ≥ 1
}
,

and define the weight of π as

wπ :=
∏

{nλ}λ∈Λ∈Wπ

∏
λ∈Λ

1

nλ!
.

b) Prove

1 +
∑
π∈Π

wπp
π11q|π| = exp

(
p
∑
λ∈Λ

q|λ|
)
.

c) Prove

1 +
∑
π∈Π

wπ

π11∏
n=1

(N − (n− 1))q|π| =
∞∏
n=1

1

(1− qn)N
,

for all N ∈ Z>0.

Solution.

a) We recognize the expression of the geometrical series

1

1− qn
= 1 + qn + q2n + q3n + . . . .

So for the product we find

∞∏
n=1

1

1− qn
= (1 + q + q2 + . . .)(1 + q2 + q4 + . . .)(1 + q3 + q6 + . . .) · · · .
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Now we will make a bijection between Λ and the non-1-terms of this expression. With
a term we mean something of the form qm1+2m2+3m3+... where mi ∈ Z≥0 and the term
is thus obtained by multiplying from (1 + q + q2 + . . .) the m1st term (qm1) with from
(1 + q2 + q4 + . . .) the m2st term (q2m2) et cetera.
So, assume that λ = (λ1, λ2, λ3, . . .) and define rm as the number of λi equal to m. Then
the bijection is given by

λ 7→ qr1q2r2q3r3 · · · = qr1+2r2+3r3+... = q|λ|.

This indeed gives a bijection from which we directly see

∑
λ∈Λ

q|λ| =

( ∞∏
n=1

1

1− qn

)
− 1.

Taking the 1 to the other side proves the exercise.

b) We start by rewriting the rightside. For this we use first that exp(x+ y) = exp(x) exp(y)

and then that the Taylor series of exp(x) equals 1 + x+ x2

2! + x3

3! + . . . .

exp
(
p
∑
λ∈Λ

q|λ|
)

=
∏
λ∈Λ

exp(pq|λ|) =
∏
λ∈Λ

(
1 + pq|λ| +

p2q2|λ|

2!
+ . . .

)
.

Secondly we note that π11 =
∑

λ∈Λ nλ and |π| =
∑

λ∈Λ nλ|λ|. With this the left side equals

1 +
∑
π∈Π

( ∏
{nλ}λ∈Λ∈Wπ

∏
λ∈Λ

1

nλ!
pnλqnλ|λ|

)
.

Now we will explain why these two expressions are the same.
Consider a term of the first expression that is the product of p

mλqmλ
mλ! over alle λ. By taking

nλ = mλ we then also get a unique term of the second expression. Note for this that each
{nλ}λ∈Λ give a unique π. Here we only miss the sequence with mλ = 0 for all λ but that
one gets compensated by the 1 at the beginning.

c) Note that wπ
∏π11
n=1(N − (n− 1))q|π| equals 0 for π with π11 ≥ N + 1. So the sum is taken

over the π for which we have π11 ≤ N . The rightside can be rewritten with a) to become:

∞∏
n=1

1

(1− qn)N
=
(
1 +

∑
λ∈Λ

q|λ|
)N
.

We consider a term of this expression to be something of the form

q|λ1|q|λ2| · · · q|λN |.

Where we also take the sequece (0, 0, . . . , 0) such that q|λ| = 1. Now let

nλ = #{i ≤ N zodat λ = λi}.

Assume that this gives us the set {nλ′1 , . . . , nλ′m} of nλ 6= 0. Then we can get this combi-
nation {λ1, . . . , λN} in

N !

(nλ′1)! · · · (nλ′m)!
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ways.
Now we can rewrite the left side of this expression. For this we again use that π11 =∑

λ∈Λ nλ and |π| =
∑

λ∈Λ nλ|λ|. We get

1 +
∑
π∈Π

∏
{nλ}λ∈Λ∈Wπ

∏
λ∈Λ

1

nλ!

∑
nλ∏

n=1

(N − (n− 1))q
∑
nλ|λ|.

This can be rewritten to

1 +
∑
π∈Π

∏
{nλ}λ∈Λ∈Wπ

N !

(
∏
λ∈Λ nλ!)(N −

∑
nλ)!

q
∑
nλ|λ|.

In a same manner as at b) we can prove that these expressions are equal.
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10. Relative prime count is not relative prime

drs. S. (Stijn) Cambie
Radboud Universiteit Nijmegen

The Euler totient function φ is defined by mapping a positive integer n with prime factorization∏j
i=1 p

ei
i to

j∏
i=1

(pi − 1)pei−1
i .2

What is the smallest ratio m/n such that for all positive integers k, we have φ(k!)n | (k!)m?

Solution.
We will prove that this ratio is 7

4 and this is the smallest possible due to the example k = 7.
Let vp(n) denote the exponent of p in the prime factorization of n. It is enough to prove that
for every prime p, we have 4vp(φ(k!)) ≤ 7vp(k!).
For k < p it is trivial and for k ≥ p, we have

vp(φ(k!)) = vp(k!)− 1 + vp

 ∏
q≤k prime,q≡1 (mod p)

(q − 1)

 .

Now we first prove that the key is to look to p = 2.

Lemma 2. For p odd, we have 3
2vp(k!) ≥ vp(φ(k!)) for every k.

Proof. Note that it is enough to prove that

vp

 ∏
q≤k prime,q≡1 (mod p)

(q − 1)

 ≤ 1

2
vp(k!).

But since p is odd, we need q ≡ 1 (mod 2p). This implies that

vp

 ∏
q≤k prime,q≡1 (mod p)

(q − 1)

 ≤ vp(2p · 4p · . . . · 2p
⌊
k

2p

⌋)

= vp

(
p · 2p · . . . · p

⌊
k

2p

⌋)
= vp

(⌊
k

2

⌋
!

)
≤ 1

2
vp(k!).

The last inequality is a consequence of
( k
b k2c
)

being an integer.

Now we will deal with p = 2.

Lemma 3. For every k, we have v2(k!) ≤ k − 1.

Proof. Note that

v2(k!) =
∑
i≥1

⌊
k

2i

⌋
<
∑
i≥1

k

2i
= k

from which the lemma follows.
2This is equal to the number of integers between 0 and n realtively prime to n.
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Note that it is enough to prove that for odd k, we have

v2

 ∏
q≤k prime,q≡1 (mod 2)

(q − 1)

 ≤ 3

4
v2(k!) + 1.

This is equivalent with proving that for odd k, we have

v2

 ∏
q≤k composite

(q − 1)

 ≥ 1

4
v2(k!)− 1.

This is easily seen to be true for k ≤ 7, with equality if k = 7.
For odd k ≥ 9, we can even prove that

Lemma 4. For odd k ≥ 9, we have

v2

 ∏
q≤k composite

(q − 1)

 ≥ 1

4
k − 1.

Proof. Induction basis: This is easily checked for 9 ≤ k ≤ 21 since 9, 15 and 21 are composite.
Induction hyposthesis: Assume it is proven up to 9 ≤ k ≤ K where K ≥ 21.
Induction step: We prove it for K + 2.

v2

 ∏
q≤K+2 composite

(q − 1)

 ≥ v2

 ∏
q≤K−10 composite

(q − 1)

+ 3

≥ K − 10

4
− 1 + 3 =

K + 2

4
− 1.

since there are at least two composite numbers K − 10 < q ≤ K + 2, one being ≡ 3 (mod 12)
and an other one being ≡ 9 (mod 12). So by complete induction, the statement is true for all
odd k ≥ 9.

So by taking into account Lemma 3 we conclude.
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11. Real periodic orbits

Prof. dr. J. (Jaap) Top
Rijksuniversiteit Groningen

Starting from a polynomial p(x) in one variable x with p(x) having real coefficients, and a
complex number a1, one defines a sequence (an)n≥1 by iterating: so a2 = p(a1), a3 = p(a2) et
cetera: am+1 = p(am) for every integer m ≥ 1.

The sequence (an)n≥1 is called a periodic orbit of the iteration, if am = a1 for some m > 1.
The periodic orbit is called real, if moreover an ∈ R for every n. As a simple example, take
p(x) = x2. Then every sequence starting with a0 = e2πir for some rational number r with an
odd denominator is a periodic orbit. Also the sequence starting with a0 = 0 is periodic. It
turns out that these are the only periodic orbits for this polynomial, so in particular the only
real periodic orbits in this case are the ones starting with a1 ∈ {0, 1}. Many of periodic orbits
for the given polynomial are not real.

The situation is very different for the polynomial q(x) = 2x2 − 1: Show that for q(x) all
periodic orbits are real!

Solution.
We define fn(x) with the recursive relation f1(x) = x and fn+1(x) = q(fn(x)) and are going
to prove that fn(x)−x only has real solutions. For a periodic orbit we know there exists some
m > 1 such that am = a1, thus a1 is a zero of fm(x)− x.

We notice that deg fn = 2n−1 and observe that q(cos(θ)) = cos(2θ). With induction we
can show that fn(cos(θ)) = cos(2n−1θ).

For k ∈ {0, 1, . . . , 2n−2} we define ak = 2πk
2n−1+1

. We can then calculate:

fn(cos(ak)) = cos(2n−1ak) = cos

(
2πk

2n−1

2n−1 + 1

)
= cos

(
2πk

(
1− 1

2n−1 + 1

))
= cos(ak)

So cos(ak) is a zero of fn(x)−x. For l ∈ {1, . . . , 2n−1−1} we can also look at bl = 2πl
2n−1 and see

that cos(bl) is a zero of fn(x)−x. Since (ak) and (bl) are disjoint and all values are in [0, π], we
have found exactly 2n−1 different real zeros of fn(x)−x. Since deg(fn−x) = deg(fn) = 2n−1

we see all starting values of periodic orbits must be real, and thus all periodic orbits are
real-valued.

27



12. Colouring the line with infinitely many colours

Prof. dr. D. (Dion) Gijswijt
Technische Universiteit Delft

We seek a surjective function f : R→ Z such that for all a, b, c ∈ R the following holds:

a+ c = 2b =⇒ #{f(a), f(b), f(c)} < 3.

Does such a function exist?

Solution.
For a nonzero integer n, let ord3(n) denote the largest integer k such that 3k divides n. More
generally, we define the 3-adic order ord3 : Q→ Z∪{∞} by

ord3

(a
b

)
=

{
∞ if a = 0,

ord3(a)− ord(b) otherwise.

We will show that a function f with the required properties exists. As an intermediate step,
we define g : R→ Z∪{∞,−∞} by

g(x) =

{
−∞ if x 6∈ Q
ord3(x) if x ∈ Q

Let a, b, c ∈ R and suppose that a + c = 2b. We will show that g(a), g(b), and g(c) are not
distinct. If at most one of a, b, c is rational, this is clear. So we may assume that at least two
of a, b, c are rational. Since a+ c = 2b, this implies that a, b, c ∈ Q.
For a, c ∈ Q we have

ord3(a+ c) ≥ min(ord3(a), ord3(c))

with equality if ord3(a) 6= ord3(c). So if g(a) 6= g(c), then

g(b) = g(2b) = g(a+ c) = min(g(a), g(c)),

which implies that g(b) = g(a) or g(b) = g(c).
Let h : Z∪{−∞,∞} → Z be a bijection. Then f = h ◦ g is of the desired form.
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